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Abstract
Gouliang Yu has introduced a property of discrete metric spaces and groups called property
A which implies the coarse Baum–Connes Conjecture and hence the Novikov Higher Signature
Conjecture. In this paper we extend a result of Jean-Louis Tu to conclude that a group acting by
isometries on a metric space with finite asymptotic dimension whose d-stabilizers have property A,
also has property A. As a result, we conclude a theorem of Tu, according to which, a fundamental
group of a finite graph of groups whose vertices have property A also has property A.
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0. Introduction
Let Γ be a finitely generated group. A given generating set S = S−1 defines a left-
invariant metric dS , called the word metric associated to S. It is given by setting dS(x, y)
equal to the minimal length of a presentation of the element x−1y in the alphabet S. Any
two word metrics associated to distinct finite generating sets define coarsely-isometric
metric spaces (see [7] for an introduction to the coarse category). Recall that a discrete
metric space is said to be of bounded geometry if for every R > 0 there is an N = N(R)
so that CardBR(x)N , for all x ∈X. Note that with the word metric, a finitely generated
group is a metric space of bounded geometry.
We define property A for discrete metric spaces in Section 2. It is a weak form
of amenability which, for finitely generated groups, implies the coarse Baum–Connes
Conjecture and hence the Novikov Higher Signature Conjecture [10]. (For an introduction
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to the Novikov Conjecture, see [3].) Property A is an invariant of coarse isometry, so we
may discuss whether a group has property A without reference to a generating set. At first
it was conjectured that all discrete metric spaces of bounded geometry (hence all finitely
generated groups) had property A, but Gromov has indicated a way to construct a finitely
generated group which does not have property A [5]. Thus, the problem of determining
exactly which groups have property A became an interesting one.
It is known that property A holds for amenable groups, direct and semi-direct products
of groups with property A, hyperbolic groups (in the sense of Gromov), and metric spaces
of bounded geometry with finite asymptotic dimension [6]. Recently Jean-Louis Tu [9]
proved that a group acting on a tree such that the stabilizer of each vertex has property A
also has property A. From this he concludes that amalgamated free products and HNN
extensions preserve property A. In [1] and [2], we proved a similar result for asdim. The
technique of [1,2] can also be applied to property A.
In this paper we prove that if a group acts by isometries on a metric space with finite
asymptotic dimension such that the d-stabilizer (defined in Section 2) has property A, then
the group itself has property A. We also prove that finite unions of spaces with property A
have property A and certain infinite unions also preserve property A. We obtain Tu’s
theorem as a consequence of our results.
1. Asymptotic dimension and mappings to nerves
Let X be a metric space. Gromov [4] introduced the notion of asymptotic dimension
for studying asymptotic invariants of infinite groups. He gave three equivalent definitions
of asdimX  k, but we only give two of the formulations here. A family U of subsets of a
metric space X will be called d-disjoint if inf{d(U,U ′) |U =U ′ ∈ U} d . Recall that the
Lebesgue number of a cover U of a metric space X is defined by L(U)= inf{max{d(x,X \
U) |U ∈ U} | x ∈X}. Recall that the multiplicity of a cover U of the metric space X is the
largest k so that no point of X is contained in more than k elements of U .
Asdim(1) asdimX  k if and only if for every (large) d > 0 there exist families
U0, . . . ,Uk of uniformly bounded d-disjoint sets whose union covers X.
Asdim(2) asdimX  k if and only if for any (large)L> 0 there is a uniformly bounded
open cover U of X with Lebesgue number L(U) L and multiplicity  k + 1.
Note that asdim is an invariant of coarse isometry.
Let U be an open cover of the metric spaceX with finite multiplicity. Let pU :X→N(U)
denote the projection to the nerve of U defined by the partition of unity {φU :X→R}U∈U
where φU(x)= d(x,X \U)/(∑V∈U d(x,X \V )). Realize N(U) in l1(U) by sending each
vertex U to an element of an orthonormal basis. Endow N(U) with the metric it inherits as
a subset of l1(U).
Proposition 1 (Similar to Proposition 1 [2]). For every k > 0 and for every ε > 0 there
exists an L> 0 such that for every open cover of X with Lebesgue number L(U) L and
multiplicity  k + 1, the projection pU :X→N(U) is ε-Lipschitz.
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Proof. Take L greater than (2k + 3)2/ε. Let x, y ∈X and U ∈ U . The triangle inequality
implies |d(x,X \U)− d(y,X \U)| d(x, y). Then,
∣∣φU(x)− φU(y)∣∣  d(x, y)∑
V∈U d(x,X \ V )
+ d(y,X \U)
∣∣∣∣ 1∑
V∈U d(x,X \ V )
− 1∑
V∈U d(y,X \ V )
∣∣∣∣
 1
L(U)d(x, y)+
1
L(U)
(∑
V∈U
∣∣d(x,X \ V )− d(y,X \ V )∣∣)
 2k+ 3
L
d(x, y).
Then ∥∥pU (x)− pU (y)∥∥1 = ∑
U∈U
∣∣φU(x)− φU(y)∣∣ (2k + 2)
(
2k+ 3
L
)
d(x, y)
 (2k + 3)
2
L
d(x, y) εd(x, y). ✷
In the last section we will use the fact that any tree has finite asdim. In fact, if T is any
infinite tree, then asdimT = 1.
2. Property A
In [10], Gouliang Yu defined property A for any discrete metric space. We will use a
reformulation of that property given in [6]. Let Prob(X) denote the space of probability
measures on X, i.e., {φ :X→ [0,1] | ‖φ‖1 = 1}. A space X is said to have property A if
there exists a family of functions
an :X→ Prob(X)
satisfying:
(1) for every n > 0 there is an R =R(n) > 0 such that
supp
(
anx
)⊂ BR(x)
for all x ∈X; and
(2) for every K > 0,
lim
n→∞ supd(z,w)<K
∥∥anz − anw∥∥1 = 0.
By way of notation, let X ∈ A(R(n),N(K,ε)) indicate that the metric space X has
property A, and that there exists a family of maps an :X → Prob(X) satisfying the
following conditions:
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(1) for every n > 0 there is an R =R(n) for which supp(anx )⊂ BR(x), for every x ∈X,
and
(2) for every K > 0 and for every ε > 0 there is an N =N(K,ε) so that if nN ,
sup
d(x,x ′)<K
∥∥anx − anx ′∥∥1 < ε.
The following proposition was collected from results of [9]. The statement that subsets
inherit property A is not as important as the estimates on the supports and the norms.
Proposition 2. Suppose that X ⊂ Y where Y ∈A(R,N). Then X ∈A(3R,N).
Proof. (Collected from results of [9].) Let bn :Y → Prob(Y ) be a family of maps such
that for every n > 0 there is an R > 0 such that supp(bny) ⊂ BR(y) for all y ∈ Y , and
such that for any K > 0 and for any ε > 0 there exists an N > 0 such that if n  N ,
then supd(y,y ′)<K ‖bny − bny ′‖ < ε. For each y ∈ Y , let p(y) ∈ X be a point such that
d(y,p(y)) 2d(y,X). Let V : Prob(Y )→ Prob(X× Y ) be defined by
V (η)(x, y)=
{
η(y), if x = p(y),
0, otherwise.
Define an :X→ Prob(X× Y ) by anx (ξ, η)= V (bnx)(ξ, η).
First, notice that∥∥anx∥∥l1(X×Y ) =∑
(ξ,η)
∣∣V (bnx)(ξ, η)∣∣=∑
η
∣∣bnx(η)∣∣= ∥∥bnx∥∥l1(Y ) = 1.
Next,∥∥anx − anx ′∥∥l1(X×Y ) = ∑
(ξ,η)
∣∣anx(ξ, η)− anx ′(ξ, η)∣∣
=
∑
(ξ,η)
∣∣V (bnx)(ξ, η)− V (bnx ′)(ξ, η)∣∣
=
∑
η
∣∣bnx(η)− bnx ′(η)∣∣
= ∥∥bnx − bnx ′∥∥l1(Y ).
Finally, define cn :X→ Prob(X) by cnx(ξ)= ‖anx (ξ, ·)‖l1(Y ). Observe first that∥∥cnx∥∥l1(X) =∑
ξ
∣∣cnx(ξ)∣∣=∑
ξ
∥∥anx (ξ, ·)∥∥l1(Y ) = ∥∥anx∥∥l1(X×Y ) = 1.
Then,∥∥cnx − cnx ′∥∥l1(X) =∑
ξ∈X
∣∣∥∥anx (ξ, ·)∥∥l1(Y ) − ∥∥anx ′(ξ, ·)∥∥l1(Y )∣∣

∑
ξ∈X
∥∥anx (ξ, ·)− anx ′(ξ, ·)∥∥l1(Y ) = ∥∥anx − anx ′∥∥l1(X×Y ) = ∥∥bnx − bnx ′∥∥.
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Thus, we need only show that the support condition holds. To this end, suppose ξ ∈
supp(cnx). Then ‖anx (ξ, ·)‖l1(Y ) > 0. Since supp(anx) ⊂ p(supp(bnx)) × Y ⊂ p((BR(x)) ×
Y ⊂ B3R(x)× Y , we conclude that ξ ∈ B3R(x). ✷
Lemma 1. Suppose Z is a metric space and {am,l}m,l is a family of functions
am,l :Z→ Prob(Z)
such that
(1) for every pair (m, l) there is an R =R(m, l) > 0 such that
supp
(
am,lz
)⊂ BR(z),
for every z ∈ Z; and
(2) for every η > 0, and for every D > 0 there exists a pair (M,L) such that
sup
d(z,w)<D
∥∥am,Lz − am,Lw ∥∥1 < η,
for all mM .
Then Z has property A.
Proof. We propose to construct a family of functions an :Z→ Prob(Z) such that for every
n, there exists an R such that supp(anz )⊂ BR(z), for every z ∈ Z, and such that for every
K > 0 and every ε > 0 there exists an N such that sup{‖anz − anw‖1 | d(z,w) <K}< ε, for
all nN .
For each n > 0, let (Mn,Ln) denote the pair from (2) for η = 1/n and D = n. Define
the family an :Z → Prob(Z) by anz = aMn,Lnz . We claim that this family satisfies the
hypotheses for property A outlined in the preceding paragraph.
First, we have∥∥anz ∥∥1 =∑
w∈Z
∣∣anz (w)∣∣=∑
w∈Z
∣∣aMn,Lnz (w)∣∣= 1,
as a
Mn,Ln
z ∈ Prob(Z). Thus, anz ∈ Prob(Z).
Next, for each n take R = R(Mn,Ln). Then, for every z ∈ Z, we have supp(anz ) =
supp(aMn,Lnz )⊂ BR(z).
Finally, let ε > 0 and K > 0 be given. Take N ∈ Z+ so large that N K and 1/N < ε.
Then, for every nN ,
sup
d(z,w)<K
∥∥anz − anw∥∥1  sup
d(z,w)<n
∥∥anz − anw∥∥1 = sup
d(z,w)<n
∥∥aMn,Lnz − aMn,Lnw ∥∥1
 1
n
 1
N
< ε.
Thus, the family {an} yields property A for Z. ✷
In the following theorem we use the obvious fact that if X and Y are isometric metric
spaces, then X ∈A(R(n),N(K,ε)) if and only if Y ∈A(R(n),N(K,ε)).
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Definition. Let Γ be a finitely generated group acting on the metric space X by isometries
with base point x0. Let Wd(x0) denote the d-stabilizer of x0, defined by Wd(x0) = {γ ∈
Γ | d(γ x0, x0) < d}.
Theorem 1. Let Γ be a finitely generated group acting on the metric spaceX by isometries.
Suppose that asdimX  k and that for every d > 0, Wd(x0) has property A. Then, Γ has
property A.
Proof. Define π :Γ →X by π(g)= gx0. Let S = S−1 be a finite set of generators for Γ .
Let λ = max{d(x0, s(x0)) | s ∈ S}. We show now that π is λ-Lipschitz. Since the metric
dS on Γ is induced from the geodesic metric on the Cayley graph, it suffices to check
that dX(π(g),π(g′))  λ for all g,g′ ∈ Γ with dS(g, g′) = 1. Without loss of generality
we assume that g′ = gs, where s ∈ S. Then dX(π(g),π(g′)) = dX(g(x0), gs(x0)) =
dX(x0, s(x0)) λ.
Let L> 0 be given and take a cover U = {Ui}i of X with Lebesgue number L(U)= L
and multiplicity  k + 1, such that the L-enlargement V = {Vi} of U is also a cover
of multiplicity k + 1. To see that this can be done, take uniformly bounded, 3L-disjoint
families U0, . . . ,Uk whose union covers X, and put U =⋃i Ui .
Next, take d > 0 sufficiently large and xi ∈X such that Vi ⊆ Bd(xi), for each i . Finally,
take γi ∈ Γ with γix0 = xi .
We have Wd(x0) = π−1(Bd(x0)), and γπ−1(Bd(x0)) = π−1(Bd(γ x0)). Next, since
π−1(Bd(γ x0)) is isometric to π−1(Bd(x0)), and as Wd(x0) ∈A(R(n),N(K,ε)), we have
π−1(Bd(γix0)) ∈ A(R(n),N(K,ε)). Since π−1(Vi)⊂ π−1(Bd(γix0)), by Proposition 2,
we conclude that each π−1(Vi) ∈A(3R(n),N(K,ε)).
Let cn,L :Wd(x0) → Prob(Wd(x0)) be maps yielding Wd(x0) ∈ A(R(n),N(K,ε)).
Thus, we can take maps (γibn,L) :π−1(Vi) → Prob(π−1(Vi)) yielding property A for
the π−1(Vi) in such a way that ‖(γibn,Lx ) − (γibn,Lx ′ )‖1  ‖cn,Lx − cn,Lx ′ ‖1, for x and x ′
in π−1(γi(Bd(x0))). Extend these maps to Prob(Γ ) by defining (γibn,Lg )(h)= 0 whenever
h ∈ Γ \π−1(Vi). For notational ease, let bi denote (γibn,L), when n and L are understood.
Let pU :X→N(U) denote the canonical projection to the nerve of U in l1(U). For each
g ∈ Γ , let
pU
(
π(g)
)= ∑
Ui∈U
t
g
i Ui
be a presentation of the image of gx0 in the nerve N(U) in barycentric coordinates. Thus,
for each g ∈ Γ , tgi  0, for all Ui ∈ U , and
∑
i t
g
i = 1. Also, since U has multiplicity
 k + 1, for any fixed g ∈ Γ , at most k + 1 of the tgi are nonzero. Note, too that
g → pU (π(g)) is (λ(2k + 3)2/L)-Lipschitz, by Proposition 1.
Define an,L :Γ → Prob(Γ ) by
an,Lg (h)=
∑
Ui∈U
t
g
i b
i
g(h).
We claim that these families yield property A for Γ .
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First, we compute:∥∥an,Lg ∥∥1 =∑
h∈Γ
∣∣an,Lg (h)∣∣=∑
h∈Γ
∣∣∣∣∑
g∈Ui
t
g
i b
i
g(h)
∣∣∣∣= ∑
g∈Ui
t
g
i
∑
h∈Γ
big(h)=
∑
g∈Ui
t
g
i = 1.
Next, given n and L, take R so that supp(cn,Lg )⊂ BR(g) for every g ∈Wd(x0). Then,
supp(an,Lg )⊂⋃i supp(big)⊂ B3R(g) for each g by Proposition 2.
Finally, let ε > 0 and K > 0 be given. By the lemma, we only have to prove that
there exists a pair (N,L) such that if n  N and d(z,w) < K , then ‖an,Lz − an,Lw ‖1 < ε.
Choose L K and so large that λK(2k+ 3)2/L < ε/2. Next, choose N so large that
(k + 1)‖cn,Lz − cn,Lw ‖1  ε/2, if n  N and d(z,w) < K in π−1(Bd(x0)). Then, if
d(z,w) <K in some Vi then we also have (k + 1)‖biz − biw‖1  ε/2, by Proposition 2.
Now, consider any z and w in Γ with d(z,w) < K . In the nerve, we have z=∑ tzi Ui
and w =∑ twj Uj . Next, suppose some π−1(Vi) with tzi > 0 fails to contain w. Then, as
z ∈ π−1(Ui), as K <L and as d(z,w) < K , w is in π−1(NL(Ui))= π−1(Vi). Thus, w is
in all Vi with tzi > 0. The argument is symmetric in z and w, so {Ui} = {Uj }.
So, we have:
∥∥an,Lz − an,Lw ∥∥1 = ∑
g∈Γ
∣∣∣∣∑
Ui∈U
tzi b
i
z(g)− twi biw(g)
∣∣∣∣

∑
g∈Γ
∑
Ui∈U
∣∣tzi biz(g)− twi biw(g)∣∣
=
∑
g∈Γ
∑
Ui∈U
∣∣(tzi − twi )biz(g)+ twi (biz(g)− biw(g))∣∣

∑
g∈Γ
∑
Ui∈U
∣∣(tzi − twi )biz(g)∣∣+ ∣∣twi (biz(g)− biw(g))∣∣
=
∑
Ui∈U
∑
g∈Γ
∣∣(tzi − twi )biz(g)∣∣+ ∣∣twi (biz(g)− biw(g))∣∣
=
∑
Ui∈U
∣∣tzi − twi ∣∣∥∥biz∥∥1 + ∑
Ui∈U
∣∣twi ∣∣∥∥biz − biw∥∥1

∑
Ui∈U
∣∣tzi − twi ∣∣+ (k + 1)∥∥cn,Lz − cn,Lw ∥∥1
 λK(2k + 3)
2
L
+ (k + 1)∥∥cn,Lz − cn,Lw ∥∥1
<
ε
2
+ ε
2
= ε.
So, supd(z,w)<K ‖an,Lz − an,Lw ‖1 < ε. Thus, by Lemma 1, Γ has property A. ✷
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3. Union theoremIn [9] it is shown that if X and Y are an excisive pair and X and Y both have property A,
then X∪Y has property A. In this section we show that property A is preserved by all finite
unions and certain infinite unions.
Theorem 2. Let X =⋃α Xα where each Xα ∈A(R(n),N(K,ε)), for some fixed R(n) and
N(K,ε) independent of α. Suppose that for every l > 0 there is a Yl ⊂X, with property A
such that the family {Xα \ Yl} is l-disjoint. Then, X has property A.
Proof. Since each Xα ∈ A(R(n),N(K,ε)), we can take ξn,α :Xα \ Y7R(n) → Prob(Xα \
Y7R(n)) satisfying property A with R = 3R(n), and N = N(K,ε), by Proposition 2. For
ease of notation, put l = l(n)= 7R(n).
Extend each ξn,αx so that it is defined for each value of X by setting ξn,αx (y)= 0 if y is
not in Xα \ Yl . Finally, define ξn,αx to be identically zero for all x not in Xα \ Yl .
Since the family {Xα \Yl} is l-disjoint, we may define ξn :X \Yl → Prob(X) by setting
ξnx equal to the unique ξ
n,α
x which is not identically zero. Notice that since l = 7R(n),
supp(ξn,αx )∩ supp(ξn,α′x ′ )⊂ B3R(n)(x)∩B3R(n)(x ′)= ∅, if α = α′.
Continue to take l = 7R(n). Then, take ηn :Nl(Yl)→ Prob(Nl(Yl)) functions satisfying
the conditions for property A. Extend these functions to Prob(X) as before and define
ηnx ≡ 0 if x /∈Nl(Yl). Finally, define
t lY (z)=
d(z,X \Nl(Yl))
d(z,Z \Nl(Yl))+ d(z,Yl) ,
and put t lX(z)= 1− t lY (z). Then, the functions t l are both 1/l-Lipschitz. Indeed, for t lY , we
have
d
(
t lX(z), t
l
X(w)
) = ∣∣∣∣ d(z,X \Nl(Yl))d(z,X \Nl(Yl))+ d(z,Yl) −
d(w,X \Nl(Yl))
d(w,X \Nl(Yl))+ d(w,Yl)
∣∣∣∣
 1
l
∣∣d(z,X \Nl(Yl))− d(w,X \Nl(Yl))∣∣ 1
l
d(z,w).
Checking the condition for t lX is now easy.
Define an :X→ Prob(X) by
anz = t lX(z)ξnz + t lY (z)ηn.
We now check the property A condition for this family of maps.
First, for a given z ∈X, we find that∥∥anz ∥∥1 = ∥∥t lX(z)ξnz + t lY (z)ηnz∥∥1 =∑
w∈X
tlX(z)ξ
n
z (w)+ t lY (z)ηnz (w)
= t lX(z)
∑
w∈X
ξnz (w)+ t lY (z)
∑
w∈X
ηnz (w).
If z ∈ Yl , then t lX(z)= 0, and ξnz ≡ 0. Then ηnz ≡ 0, and t lY (z)= 1, so
t lX(z)
∑
w∈X
ξnz (w)+ t lY (z)
∑
w∈X
ηnz (w)= 1.
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The situation is similar if z ∈X \Nl(Yl). Finally, if z ∈Nl(Yl) \ Yl , then
t lX(z)
∑
w∈X
ξnz (w)+ t lY (z)
∑
w∈X
ηnz (w)= t lX(z)+ t lY (z)= 1.
Thus, an defines a probability measure.
Next, for a given n take R =max{3R(n),R(ηn)}. Then,
supp
(
anz
)= supp(ξnz )∪ supp(ηnz )⊂ B3R(n)(z)∪BR(ηn)(z)= BR(z),
for all z ∈X.
Finally, we verify the last claim. To this end, let ε > 0 and K > 0 be given. Notice that
R(n)→∞ as n→∞, so we can take N so large that if L= 7R(N), then 2K/L ε/2,
and if n  N , then supd(z,w)<K ‖ξnz − ξnw‖1  ε/4 for all z and w in X \ YL, and
supd(z,w)<K ‖ηnz − ηnw‖1  ε/4 for all z and w in NL(YL). Then, for n  N , we have,
for d(z,w) <K:∥∥anz − anw∥∥1 = ∥∥tLX(z)ξnz − tLX(w)ξnw + tLY (z)ηnz − tLY (w)ηnw∥∥1.
There are various cases to consider based on where z and w lie. If both of z and w are in
either X \YL or NL(Y ), then there is nothing to check. Since K <L, it is not possible that
z and w each lie in one of YL and X \ NL(YL). Suppose then that z ∈ X \ NL(YL) and
w /∈X \NL(YL). Then, tLX(z)= 1 and so we have:∥∥anz − anw∥∥1 = ∥∥ξnz − tLX(w)ξnw − tLY (w)ηnw|∥∥1

∥∥ξnz − ξnw + tLY (w)(ξnw − ηnw)∥∥1

∥∥ξn − ξnw∥∥1 + ∣∣tLY (w)∣∣(∥∥ξnw∥∥1 + ∥∥ηnw∥∥1)
= ∥∥ξn − ξnw∥∥1 + d(tLX(z), tLY (w))(∥∥ξnw∥∥1 + ∥∥ηnw∥∥1)

∥∥ξn − ξnw∥∥1 + (d(z,w)/L)(∥∥ξnw∥∥1 + ∥∥ηnw∥∥1)
 ε/4+ 2K/L< ε.
The situation is similar if z /∈NL(YL) and w ∈NL(YL).
Finally, if both z and x are in NL(YL) \ YL, then∥∥anz − anw∥∥1 = ∥∥tLX(z)ξnz − tLX(w)ξnw + tLY (z)ηnz − tLY (w)ηnw∥∥1

(∣∣tLX(z)− tLX(w)∣∣+ ∣∣tLY (z)− tLY (w)∣∣)
+ tLX(w)
∥∥ξnz − ξnw∥∥1 + tLY (w)∥∥ηnz − ηnw∥∥1
 K/L+K/L+ ε/4+ ε/4
 2K/L+ ε/2 < ε.
So, in any case,
sup
d(z,w)<K
∥∥anz − anw∥∥1 < ε.
Thus, X has property A. ✷
Corollary. If X and Y have property A, then X ∪ Y has property A.
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Proof. Take the family {Xα} consisting of the sets X and Y . For each l > 0, put Yl = Y .
If X ∈ A(RX(n),NX(K,ε)) and Y ∈ A(RY (n),NY (K, ε)), then X and Y are both in
A(R(n),N(K,ε)), where R = max{RX,RY } and N = max{NX,NY }. The l-disjointness
of the family {Xα \ Yl} is satisfied trivially. ✷
4. Graphs of groups
We now apply Theorems 1 and 2 to groups acting on trees by isometries to provide
another proof of a result of [9]. Namely, the fundamental group of a graph of groups with
each stabilizer having property A also has property A.
We recall some of the basic constructions and known facts about graphs of groups. Our
development and notation closely follows that of [8]. Let Y be a non-empty, connected
graph. To each P ∈VertY , associate a groupGP and to each y ∈ EdgeY , a groupGy =Gy¯
equipped with two injective homomorphisms, φy :Gy →Gt(y) and φy¯ :Gy¯ →Gi(y).
Define the group F(G,Y ) to be the group generated by the elements of the GP and the
elements y ∈ EdgeY subject to the relations:
y¯ = y−1
and
yφy(a)y
−1 = φy¯(a),
if y ∈ EdgeY and a ∈Gy . Let c be a path in Y starting at some vertex P0. Let y1, y2, . . . , yn
denote the edges associated to c, where t (yi)= Pi . Then the length of c is n, and we write
i(c)=GP0 and t (c)=GPn . A word of type c in F(G,Y ) is a pair (c,µ) where c is a path
as above and µ is a sequence r0, r1, . . . , rn, where ri ∈GPi . The associated element of the
group F(G,Y ) is
|c,µ| = r0y1r1y2r2 · · ·ynrn ∈ F(G,Y ).
Serre gives two equivalent definitions of the fundamental group of the graph of groups
(G,Y ). For the first description, let P0 denote a fixed vertex and GP0 the associated group.
Let π = π1(G,Y,P0) be the set of elements of F(G,Y ) associated to a path c in Y with
i(c)= t (c)=GP0 . Obviously, π ⊂ F(G,Y ) is a subgroup. For the second description, let
T be a maximal subtree of Y , and define π = π1(G,Y,T ) to be the quotient of F(G,Y )
by the normal subgroup generated by the elements t ∈ EdgeT . If gy denotes the image
of y ∈ EdgeY in π , then the group π is the group generated by the groups GP and the
elements gy subject to the relations
gy¯ = g−1y ,
gyφy(a)g
−1
y = φy¯(a),
and
gt = 1
where a ∈ Gy , and t ∈ EdgeT . So, in particular, φt (a) = φt¯ (a) for all t ∈ EdgeT . The
equivalence of the descriptions is proven in [8].
G.C. Bell / Topology and its Applications 130 (2003) 239–251 249
Examples. (1) If Y is the graph with two verticesP,Q and one edge y , then π1(G,Y,P )=
π1(G,Y,Q)=GP ∗Gy GQ, the free product of GP and GQ amalgamated over Gy .
(2) If Y is the graph with one vertex P and one edge y then φy¯(Gy) is a subgroup of
GP , and π1(G,Y,P ) is precisely the HNN extension of GP over the subgroup φy¯(Gy) by
means of φyφ−1y¯ .
We now describe the construction of the so-called Bass–Serre tree X˜ on which π will
act by isometries. Let T be a maximal tree and let πP denote the canonical image of GP
in π , obtained via conjugation by the path c, where c is the unique path in T from the
basepoint P0 to the vertex P . Then, set
Vert X˜ =
∐
P∈VertY
π/πP .
From now on we will implicitly identify the edge groups with their images in the group
F(G,Y ).
An edge in X˜ connects the vertex xGi(y) to the vertex xyGt(y) for all y ∈ EdgeY and
all x ∈ π . Observe that the stabilizer of the vertices are conjugates of the corresponding
vertex groups, while the stabilizer of the edge is xyφy(Gy)y−1x−1, a conjugate of the
image of the vertex group. This obviously stabilizes the second vertex, and it stabilizes
the first vertex since yφy(Gy)y−1 = φy¯(Gy) ⊂ Gi(y). It is known that the action of left
multiplication on X˜ is isometric.
Now we will assume that the graph Y is finite and that the groups associated to the
edges and vertices are finitely generated with some fixed set of generators chosen for each
group. We let S denote the disjoint union of the generating sets for the groups, and require
that S = S−1. By the norm ‖x‖ of an element x ∈ GP we mean the minimal number of
generators in the fixed generating set required to present the element x . We endow each of
the groups GP with the word metric given by d(x, y)= ‖x−1y‖. We extend this metric to
the groupF(G,Y ) and hence to the subgroup π1(G,Y,P0) in the natural way, by adjoining
to S the collection {y, y−1 | y ∈ EdgeY }.
Proposition 4 (from [2]). Let Y be a non-empty, finite, connected graph, and (G,Y ) the
associated graph of finitely generated groups. Let P0 be a fixed vertex of Y , then under
the action of π on X˜, the R-stabilizer WR(P0) is precisely the set of elements of type c in
F(G,Y ) with l(c)R.
Lemma 3. If a group Γ acts on a tree with compact quotient and finitely generated
stabilizers Γx each with property A, for all vertices x , then WR(x0) has property A for
all R.
Proof. Consider the subset K ⊂ F(G,Y ) of all words whose associated path c has
i(c) = GP0 . This set acts on the tree by left multiplication, and the fundamental group
is a subset of K . We consider the R-stabilizer WR(P0) of the fixed vertex as a subset of K ,
and show that this set has property A by induction. It will follow then that the stabilizers
in the fundamental group will also have property A.
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We proceed by induction. The base case is clear since W0 is precisely GP0 and by
assumption, W0 has property A. By Proposition 4, WR is precisely the set of all words in
K with associated path c for which l(c)  R. Let Hk ⊂ K be the set of elements whose
paths have length precisely k. Then, in the above notation, WR =⋃kR Hk , so by the
Finite Union Theorem (Section 3), it suffices to prove that Hk has property A for all k.
Since W0 and H0 coincide, we proceed to the induction step on Hk .
Observe that Hk ⊂⋃y∈EdgeY Hk−1yGt(y). Since Y was assumed to be a finite graph,
this is a finite union. So, by the Finite Union Theorem, it suffices to show that Hk ∩
Hk−1yGt(y) has property A, for some fixed y ∈ EdgeY . Let Yr = Hk−1yNr(φy(Gy)),
where Nr(φy(Gy)) is the r-neighborhood of φy(Gy) in F(G,Y ). Now, the set Yr
is coarsely equivalent to Hk−1yφy(Gy), and by the relations on F(G,Y ), this set is
Hk−1φy¯(Gy)y = Hk−1y . Finally, Hk−1y is coarsely equivalent to Hk−1, which, by the
inductive hypothesis, has property A. Thus, we conclude that Yr has property A. Consider
the sets xyGt(y), indexed by those x ∈Hk−1, which do not end with an element of φy¯(Gy).
Notice that this collection does cover Hk ∩ Hk−1yGt(y) since we may obtain xφy¯(a)yg
from xyφy(a)g, which is of the required form. The map Gt(y) → xyGt(y) is an isometry,
so we are in the situation of the Infinite Union Theorem.
To apply the Infinite Union Theorem from Section 3, we need only show that the family
{Hk ∩Hk−1yGt(y) \ Yr } is r-disjoint. To this end, let x = x ′ and suppose that z and z′ are
in Gt(y) \ Nr(φy(Gy)). Consider d(xyz, x ′yz′) = ‖z−1y−1x−1x ′yz′‖. Write z = φy(a)s,
and z′ = φy(a′)s′, where ‖s‖ and ‖s′‖> r . Then,∥∥z−1y−1x−1x ′yz′∥∥= ∥∥s−1y−1φy¯(a−1)x−1x ′φy¯(a′)ys′∥∥.
Now, a reduction can only occur in the middle, and if φy¯(a−1)x−1x ′φy¯(a′) is not in
φy¯(Gy), then∥∥z−1y−1x−1x ′yz′∥∥> ‖s‖ + ‖s′‖> 2r.
So, suppose that there is a b ∈ Gy so that φy¯(b) = φy¯(a−1)x−1x ′φy¯(a′). Then, putting
c = ab(a′)−1, we see that x ′ = xφy¯(c). By construction x ′ cannot end with a nontrivial
element of φy¯ , so that φy¯(c)= e, which implies x ′ = x , a contradiction.
We conclude that the families are r-disjoint, and therefore, by the Infinite Union
Theorem, Hk has property A so that WR has property A for every R. ✷
In view of the Bass–Serre structure theorem [8], every group acting without inversion
on a tree with compact quotient is a fundamental group of a graph of groups, so we obtain
as a consequence of Theorem 1, the following result of Jean-Louis Tu:
Theorem. Let (G,Y ) be a finite graph of groups with finitely generated vertex groups with
Gv having property A for all vertex groups. Then for any vertex v0 the fundamental group
π1(G,Y, v0) has property A.
In particular, amalgamated free products and HNN extensions of groups constructed
from groups with property A will have property A.
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